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Abstract: In this paper, we study the Moderate Deviation Principle for a perturbed 
stochastic heat equation in the whole space d ^ 1. This equation is driven by a 
Gaussian noise, white in time and correlated in space, and the differential operator is a 
fractional derivative operator. The weak convergence method plays an important role. 
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1. Introduction 

Since the work of Freidlin and Wentzell [E], the theory of small perturbation large devi¬ 
ations for stochastic (partial) differential equation has been extensively developed (see 
uma). The large deviation principle (LDP) for stochastic react ion-diffusion equations 
driven by the space-time white noise was first obtained by Freidlin |T5] and later by 
Sowers |25], Chenal and Millet [8], Carrai and Rockner |6] and other authors. An LDP 
for a stochastic heat equation driven by a Gaussian noise, white in time and correlated 
in space was proved by Marquez-Garreras and Sarra |23]. Recently, El Mellali and 
Mellouk proved an LDP for a fractional stochastic heat equation driven by a spatially 
correlated noise in [7]. 

Like the large deviations, the moderate deviation problems arise in the theory of sta¬ 
tistical inference quite naturally. The moderate deviation principle (MDP) can provide 
us with the rate of convergence and a useful method for constructing asymptotic confi¬ 
dence intervals, see 111,1171, sa, Bi, izg and references therein. Results on the MDP 
for processes with independent increments were obtained in De Acosta [1], Ledoux [22] 
and so on. The study of the MDP estimates for other processes has been carried out as 
well, e.g., Wu [29] for Markov processes, Guillin and Liptser [18] for diffusion processes, 
Wang and Zhang [27] for stochastic react ion-diffusion equations in R, Budhiraja et al. 
[S] for stochastic differential equations with jumps, and references therein. 

In this paper, we study the MDP for the fractional stochastic heat equation in spatial 
dimension R'^ driven by a spatially correlated noise. In [21], we studied the MDP for 
a perturbed stochastic heat equations defined on [0,T] x [0, l]'^, driven by a spatially 
correlated noise. In that paper, the method is the exponential approximation theorem 
(see [T21 Theorem 4.2.13]), which needs some exponential estimates. However, due 
to the lack of good regularity properties of the Green function for the fractional heat 
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equation, it is difficult to get those exponential estimates. Instead of proving exponential 
estimates, we will use the weak convergence approach (see |1]) in this paper. 

Now, let us give the fractional stochastic heat equation 

I x) + b{u%t, x)) + ^a{u%t, x))F{t, x), 

[n^(0,a;) = 0, 

where e > 0, (f, x) e [0, T] x d ^ 1, a = (ai, • • • , ad),S = (hi, • • • ,6d) and we will 
assume that Oj e]0, 2]\{1} and |hj| ^ minjaj, 2 — hj, z = 1, • • • ,d,Fis the “formal” de¬ 
rivative of the Gaussian perturbation and T>f denotes a non-local fractional differential 
operator on defined by 

Here denotes the fractional differential derivative with respect to (w.r.t.) the Gth 
coordinate defined via its Fourier transform by 

= -Kr'exp (^-zh*|sgn^) 

with -1- 1 = 0. The noise F{t, x) is a martingale measure in the sense of Walsh [26] 
and Dalang [10], which will be defined with details in the sequel. The coefficients b and 
(7 : M ^ M are given functions. From now on, we shall refer to Eq. ([I]) as Eqf^{d, b, a). 
See Section 2 for details. 


As the parameter e tends to zero, the solutions of ([T]) will tend to the solution of 
the deterministic equation defined by 

= Vfu° {t,x) + b{u^{t,x)), 

|n°(0, x) = 0. 

In this paper we shall investigate deviations of from the deterministic solution 
as £ decreases to 0, that is, the asymptotic behavior of the trajectories, 

—J—{u^-u^){t,x), (f,x) e [0,T] X 

y £A(e) 

where A(e) is some deviation scale, which strongly influences the asymptotic behavior. 

The case A(£) = l/V^ provides some large deviations estimates. Under suitable 
assumptions, El Mellali and Mellouk proved that the law of the solution zz^ satisfies a 
large deviation principle on the Holder space in [^. 

If A(£) is identically equal to 1, we are in the domain of the central limit theorem. 

To £11 in the gap between the central limit theorem scale [A(e) = 1] and the large 
deviations scale [A(e) = l/Vi]) we will study moderate deviations, that is when the 
deviation scale satisfies 


A(e) —> -1-00, ^/eX{e) -^0 as e —> 0 . 


( 3 ) 
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The moderate deviation principle enables ns to refine the estimates obtained through 
the central limit theorem. It provides the asymptotic behavior for P(||n'^ ~ '^^11 ^ 
^'y/£A(e)) while the central limit theorem gives asymptotic bounds for P(||m^ — ti°|| ^ 
S-x/s). Throughout this paper, we assume ([3]) is in place. 

The rest of this paper is organized as follows. In Section 2, the precise framework is 
stated. In Section 3, the skeleton equation is studied. It is proved that the solution is 
a continuous map from the level set into the Holder space. Section 4 is devoted to the 
proof of the moderate deviation principle by the weak convergence approach. We give 
some precise estimates of the fundamental solution G in the appendix. 


Throughout the paper, Cp is a positive constant depending on the parameter p, and 
C,Ci, - ■ ■ are constants depending on no specific parameter (except T and the Lipschitz 
constants), whose value may be different from line to line by convention. 

For any T > 0,K cz = {t3i,/32), let C^{[0,T] x be the Holder space 

equipped with the norm defined by 


\\fh,K-= sup \f{t,x)\ 

{t,x)G[0,t]xK 


+ sup sup 

S7^te[0,T] x^yeK \t 


- f{s,y)\ 
+ It — 1/1^2 


(4) 


Since C'^([0,T] x is not separable, we consider the space C'^'’°([0,T] x 

of Holder continuous / with the degree /3' < /?*, i = 1, 2 such that 


lim 

< 5 -^ 0 + 



- f{s,y)\ \ 
y\<5 |t - s\^i + \x- j 


0 


and C^'’°([0,T] x K-,W^) is a Polish space containing T] x From now on, 

let £^{[0,T] X K;R‘^) := C'^’0([0,T] x where /3 = (/3i,/52). 


2. Framework 


In this section, let us give the framework taken from Boulanba et al. |3] and El 
Mellali and Mellouk [7]. 


2.1. The operator Vf. In one dimension space, the operator is a closed, densely 
defined operator on L^(M) and it is the infinitesimal generator of a semigroup which is 
in general not symmetric and not a contraction. It is self-adjoint only when 5 = 0 and 
in this case, it coincides with the fractional power of the Laplacian. 

According to [niEQi, can be represented for 1 < a < 2, by 




+ 00 


0(x + y) — (j){x) — y(l>'{x) 


\y\ 


l+ct 


(+ l(_oo,0)(l/) + «^ll(0.+oo)(?/))d?/. 


and for 0 < a < 1, by 

I 


D2 = 


(j){x + y)- (j){x] 


\y\ 


l + Q 


(a11(_oo,o)(i/) + K^+l{ 0 ,+oD)iy))dy, 


where a! and are two non-negative constants satisfying -f > 0 and 0 is a 
smooth function for which the integral exists, and (j)' stands for its derivative. This 
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representation identifies it as the infinitesimal generator for a non-symmetric a-stable 
Levy process. 

Let Ga,s{t, x) denotes the fnndamental solntion of the eqnation 0, 0), that is, 

the nniqne solntion of the Canchy problem 

= Dfu'^{t,x), 

1 m(0, x) = So{x), t > 0, x e M, 

where (5o is the Dirac distribntion. Using Fonrier’s calcnlns one gets 

1 / / TT \ \ 

Ga, 5 {t,x) = ^ J — f 1^1" exp ^(5—sgn(z) j j dz. (5) 

The relevant parameters, a called the index of stablity and 6 called the skewness , are 
real nnmbers satisfying a e]0,2] and |5| < minjo;, 2 — a}. 

Now, for higher dimension d ^ 1 and any mnlti index a = {ai, ■ ■ ■ aa) and 6 = 
(^ 1 , • • • ,6d), let Ga^sit, x) be the Green fnnction of the deterministic eqnation Eqf{d, 0, 0) 
Clearly, 

^(2^ (-*'^i^sgn(^i)) j d^, (6) 

where (•, •) stands for the inner prodnct in 

The properties of the Green fnnction Ga^s{t, x) will be given in the appendix. 

2.2. The driving noise F. Let us explicitly describe here the spatially homogeneous 
noise, see Dalang [TO] . 

Let be the space of Schwartz test functions. On a complete probability space 

(D,^,P), the noise F = {F{(j)),(j) e is assumed to be an L^(D, P)-valued 

Gaussian process with mean zero and covariance functional given by 

J((p, ?/;):= E[F((^)F(V’)] = f ds f (^(s, *) * *)) (x)r(dx)ds, 0, e 

JR+ ^ ' 

where iIj{s,x) := ^/^(s, —x) and T is a non-negative and non-negative definite tempered 
measure, therefore symmetric. The symbols * denotes the convolution product and ★ 
stands for the spatial variable. 

Let p be the spectral measure of T, which is also a trivial tempered measure, that is 
fi = and this gives 

d(0,'0)=r ds f n{dC)E(j){s,*){^)E^/J{s,*){C), (7) 

where h is the complex conjugate of z. 

As in Dalang [10], the Gaussian process F can be extended to a worthy martingale 
measure, in the sense of Walsh [26] . 

M := {Mt{A), 
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where denotes the collection of all bounded Borel measurable sets in Let Qt 

be the completion of the cr-£eld generated by the random variables {F(s,y4);0 < s < 

Then, Boulanba et al. [3] gave a rigorous meaning to the solution of equation 
Eqf^{d,b, a) by means of a joint measurable and ^t-adapted process {t,x) e 

M+ X satisfying, for each f ^ 0 and for almost all a; e the following evolution 
equation 


u%t, x) =v^ Ga,s(t - S,x - y)a{u%s, y))F{dsdy) 
Jo Jr'^ 

+ ds Ga,s(t - S,x - y)b(u^(s,y))dy. 

Jo JR'i 


( 8 ) 


In order to prove our main result, we are going to give other equivalent approach to 
the solution of Eqf^{d,b,a), see [H]. To start with, let us denote by H the Hilbert 
space obtained by the completion of S{W^) with the inner production 


jR'i 

jRd- 

The norm induced by (•, •)-^ is denoted by || • ||^. 

By the Walsh’s theory of the martingale measures [2^, for t ^ 0 and h e T-L the 
stochastic integral 

Bt{h) = f f h{y)F{ds,dy), 

Jo Jr'* 

is well-defined and the process {Bt{h)] t ^ 0,h e T-L] is a cylindrical Wiener process on 
■H, that is: 

(a) for every h e H with ||/i||^ = 1, {Bt{h)}t^o is a standard Wiener process, 

(b) for every f ^ 0, a, 6 e M and f,geV,, 


Bt{af -1- bg) = aBt{f) + bBt{g) almost surely. 


Let be a complete orthonormal system (CONS) of the Hilbert space "H, then 


Bf : = 


ri 

Jo JR' 


ek{y)F{ds,dy);k^ 1 


dehnes a sequence of independent standard Wiener processes and we have the following 
representation 

Bt ■- L Bfet. (9) 


Let {dT}te[o,r] be the cr-held generated by the random variables e [0,f],fc ^1}- 

We define the predictable cr-field in H x [0,T] generated by the sets {{s,t] x A; A e 
J^s,0 In the following, we can define the stochastic integral with 
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respect to cylindrical Wiener process (see e.g. |9] or m) of any predictable 

square-integrable process with values in 'H as follows 

r r g ■ dB := Yj \ ( 9 {s),ek)ndB^. 

Jo Jm'^ Jo 

Note that the above series converges in L^(f2, JF, P) and the sum does not depend on the 
selected CONS. Moreover, each summand, in the above series, is a classical Ito integral 
with respect to a standard Brownian motion, and the resulting stochastic integral is a 
real-valued random variable. 

In the sequel, we shall consider the mild solution to equation Eqf^{d, b, a) given by 
u%t,x) =VeY f (Ga,5{i - - ■)^{u%s,*)),ek)ndB^ 

+ f [Ga, 5 {t - s) *b{u^{s,-k))]{x)ds, (10) 

Jo 

for any t e [0, T], x e 


2.3. Existence, uniqueness and Holder regularity to equation. For a multi¬ 
index a = (oi, ■ ■ ■ , ad) such that Oj e]0, 2]\{1}, z = 1, • • • ,d and any ^ e let 


s.(0 - S l«*l 


2=1 


Assume the following assumptions on the functions a, b and the measure g: 

(C): The functions a and b are Lipschitz, that is there exists some constant L such 
that 

\\a{x) - a{y)\\ L\x - y\, \b{x) - b{y)\^ L\x - y\ (11) 

for all x,y e 'Mf'. 

Let a as defined above and z/ e]0,1], it holds that 


J 


/i(dO 


< -1-00. 


(1 + s^iO)^ 

The last assumption stands for an integrability condition w.r.t. the spectral measure 
g. Indeed, the following stochastic integral 

-T p 

Ga,siT - s, X - y)F{ds, dy) 


0 JR'* 


is well-dehned if and only if 

-T 


r ds [ //(d0l-^G„,5(s,*)(0P <+00. 

Jo Jr'* 

More precisely, by [3l Lemma 1.2], there exist two positive constants Ci,C 2 such that 


Cl 


I 


hidp 

1 + ^1,(0 Jo 




ds f ia{dp |J'Gq, 5 (s, *)(0I^ < C 2 
Jr'^ 


hjdp 

1 + s^ip- 


( 12 ) 
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Under the assumptions (C) and (H^), Boulanba et al. proved that Eq. ffTOl) admits 
a unique solution such that 

sup sup E|u^(t, x)|^ <+ 00 , VT>0,p^2. (13) 

te[0,T] 

See |3l Theorem 2.1], Moreover, Theorem 3.1 in |3] tells us that the trajectories of 
the solution u^{t,x) : {t,x) e M+ x to Eq. flTH are /3 = (/3i,/32)-Holder continuous 
in {t,x) e [0,T] x K for every K compact subset of and every I3i e (0,1 — ri/2), 
j32 e (0,min{ao(l - 1/2}), where Uq := miui^gj^gdlaj}. 

Consequently, the random field solution x); (t, x) s [0, T] x to Eq. (IT0|) lives 
in the Holder space x K;M'^) equipped with the norm ||/||/ 3 ,_ft' given in (jl]). 

Particularly, taking e = 0, the deterministic solution vP to ([2]) has the following 
estimates 

sup sup E|M°(f, x)!^ <+ 00 , VT>0,p^2. (14) 

ts[0,r] xsK'^ 

and < oo for any compact set K c M'^. 

3. Skeleton equations 

The purpose of this section is to study the skeleton equation, which will be used in 
the weak convergence approach. 

From now on, we furthermore suppose that 

(D): The function b is differentiable, and its derivative b' is Lipschitz. More precisely, 
there exists a positive constant L' such that 

\b'{y) — b'{z)\ < L'\y — zj for all y,z eR. (15) 

Combined with the Lipschitz continuity of b, we conclude that 

\b'{z)\^L, VzeM. (16) 

For T > 0, let TLt '■= T^([0, T]; "H), which is a real separable Hilbert space such that, 
if (p, e TLt, 

{tA}ht-= {T{s,-),'il^{s,-))Hds. 

Jo 

Denote || ■ 1-^^ the norm induced by (■, For any > 0, dehne 

■.= {hEnT,\\h\\nr^N}, 

and we consider that TLf is endowed with the weak topology of TLt- 

For any h e TLt, consider the deterministic evolution equation (called Skeleton equa¬ 
tion) 

Z^{t,x)= [ (G«, 5 (t - s,x - ★)cr(n°(s,*)),/i(s,*)) ds 

Jo 

+ f [Ga,s(L - s) * (b'(u'^(s,*)Z^(s,*))] (x)ds, 

Jo 


(17) 
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where the hrst term on the right-hand side of the above equation can be written as 
Yj (Ga,s{t - s,x ~ *)a{u^{s,-k),eky^hk{s)ds, 

k^l 

with hk(t) := (h{t),ek)H,t e [0,T],k ^ 1. 

Using the strategy in the proof of Proposition 2.7 in [7j, one can obtain the following 
result. Here we omit its proof. 

Proposition 3.1. Assuming conditions ((7), and {D), there exists a unique solu¬ 
tion to Eg. 03. which satisfies 

sup sup \Z’^{t, x)\ <-\-ao. (18) 

heH^ (t,a:)e[0,T]xR<* 

Theorem 3.2. Assuming conditions ((7), {H^) and (D), the mapping h : T-L^ — > e 

is continuous with respect to the weak topology, where K is a compact 
set in fi = {(^ 1 ,^ 2 ) satisfies that 0 < fii < ao(l — ' 7 )/ 2,0 < fi 2 < I — p and 

Proof. Let 0 < /3i < ao(l — 7)/2, 0 < /d 2 < 1 — and {h, {hn)n^i} c such that for 
any g e PLt, 

\im{hn - h,g}'HT = 0 - 

n^oo 

We need to prove that 

\im \\Z^-- Z^h K = 0. (19) 

n—>00 ’ 

According to Lemma 15.41 below (a particular case of Lemma A.l in [2]), the proof of 
(IT^ can be divided into two steps: 

(1) Pointwise convergence: for any {t,x) e [0,T] x K, 

lim \Z’^"{t,x) — Z’^{t,x)\ =0. (20) 

( 2 ) Estimation of the increments: for any {t,x), {s,y) e [0,r] x K, 

sup \{Z^”{t,x) - Z'^{t,x)) - {Z^”{s,y) - Z^{s,y))\ 

n^l 

^(7 (jt — \x — yf^) . (21) 

We will prove those two estimates in the following two steps. 

Step 1. Pointwise convergence. For any {t,x) e [0,r] x K, 

Z^-{t,x)- Z^{t,x) 

= {Ga,dt - s,x- *)cr(n°(s, *)), /i„(s, *) - h{s, *))^ ds 
Jo 

+ [ {G„,5(t-s)*[6'(n°(s,*) (Z""(s,*)-Z"(s,*))]}(a;)ds 

Jo 

= + Pf{t,x). 


( 22 ) 
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Since hn,h e and is bonnded in [0,T] x by Canchy-Schwarz’s ineqnality 
on the Hilbert space Ht, (C) and ffT^ . we have 


\\Gg,,s{t - S,x - *)a{u°{s,*))\\l^ds ■ [ \\K{s) - h{s)\\‘^ds 

Jo Jo 

r \\Ga, 5 {t — s,x — ■>^)\\l^ds 

Jo 

^C(N) < + 00 , 


here C{N) is independent of n, t, x. Since hn h weakly in , we know that + 0 
in C([0,T] X by ArzHa-Ascoli Theorem. This implies that 


lim snp {Iiit, t)| = 0. 

te[0,r],a:sR‘* 


(23) 


Set C”(^) ■= snpQj;^^^ \Z^^{s,x) — Z^{s,x)\. By Lemma [5?T] and flTB]l . we have 


i(t,x)|^r r Ga, 5 {t - s,x - y)\b'{u^{s,y) {Z’^"{s,y) - Z'^{s,y))\dyds 
Jo Jr'* 

n Ga,s{t — s,x — y) snp \z'^'^{s, z) — Z^{s, z)\dyds 

Id- 0!£Z!£s,zgR'^ 




C{s)ds. 

Jo 


(24) 


By (j^ and (jMll . we have 


J 


C(t) < A I C(s)ds+ snp lli(t,x) 

te[0,T],xeR‘^ 


Hence, by the Gronwall’s lemma and (1231) . we obtain that 


Cm^e^Mirn snp |/r(t,(r)| 

"^°°ie[0,T],xGRrf 


0, as n —>■ 00 , 


which is stronger than (1201) . 
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Step 2. Estimation of the increments. For any 0^t^T,s>0,xE'Ef,yEK, 

+ s,x + y) — Z^{t + s, X + y)] — x) — Z^{t, x)] 

rt-\-s 

+ s~l,x + y- *)a{u^{l, *)), ^„(/, *) - h{l, *))^ dl 

Jo 

nt-\-s 

+ {G^4t + S-1)* [b\u\l, *) {Z^-{1, *) - Z\l, *))]} (x + y)dl 

Jo 

Jo 

- r (Z""(/,*)-Z'*(/,*))]}(x)ci/ 

Jo 

/, X + y - *) - Ga,&{t + s - X - *)), hn{l, *) - h{l, ★))^ dl 

- X - ★) - GQ, 5 (t -l,x - *)]a{u°{l, *)),hn{l, *) - h{l, ★))^ dl 
s-l,x + y- *)a{u°{l, *)),hn{l, *) - h{l, *))^ dl 

+ I {G^,s{t + S-1)* [b'{u\l, *) {Z’^-il, *) - Z\l, *))]} (x + y)dl 



{G„, 5 (t - 1) * [b'{u\l,*) - Z^{l,*))]}{x)dl 

= :Al" + A" + A" + 

Since is bonnded, hn,h e J-L^, we know that 


snp \\u^{s,*){h'^ — h){s,*)\\1^ds < CO. 

Jo 


( 26 ) 


( 26 ) 


This, together with Cauchy-Schwarz’s inequality, fl26l) and Lemma 15.21 implies that for 
each 0 < /Ji < (1 — ?7)/2,0 < (J 2 < min{(l — r])ao/2,l/2}, there exists a constant C 
independent of n such that 


Let us now give the estimate of A^. Denote 

Vn(t, x) := b'{u^{t, x)) (^Z^”{t, x) — Z^{t, x)) . 
By the estimates in Step 1, flT^ and flTSl) . we know that 


(27) 


sup sup \Vn{t,x)\ < CO. 
Ti-^l ts[0,r],a:GR‘' 


( 28 ) 
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After a change of variable, we have 

A 4 = r r Ga^sit + s — l,x + y — z)V (/, z)dldz 

Jo 

+ r r Ga,s(t — 3 : — z) [V(s + 1 , 1 /+ z) — V(l, z)] dldz. 

Jo Jm'i 

By (i) of Lemma [5.11 and fl28l) . we know that 

snp Ga,s(i + s — I, X + y — z) lVn(l, z)l dldz ^ cis. 

Jo Jr<* 

By the Lipschitz continnity of b', the Holder continnity of and the bonndness of 
and Z^, we have 


jV(s + l,y + z)-V(l,z)i 

< \b\u^{s + l,y + z)) — b'{u^{l, z))] ■ + l,y + z) — Z^{s + l,y + z)\ 

+ \b'{u^{l,z))\■ \[Z^-{s + l,y + z) - Z\s + l,y + z)] - [Z'^-{1, z) - Z\l, z)]\ 

^C{L') |n°(s + l,y + z) — u^{l, z)\ 

+ \b'{u^{l,z))\■ \[Z^-{s + l,y + z) - Z\s + l,y + z)] - [Z'^-{1, z) - Z\l, z)]\ 

+ \yf^) + C 2 snp |[Z^"(s + l,y + z)- Z\s + l,y + z)]- z) - Z\l, z)]| . 

(29) 


Pntting 

(t){l,s,y) := snp | + l,y + z) - Z^{s + l,y + z)\ - -Z'*(/,z)] 

zsR*^ ^ 


Hence, by fl25|) . fl^ and fl29l) . we have 


(pit,s,y) < C 3 (s + 


+ \y\^^) + C 2 r (j){l,s,y)dl. 

Jo 


Therefore by the Gronwall’s ineqnality, 

snp snp + s,x + y) — Z^{t + s,x + y)] — [Z^”{t, x) 

OsSf^T xsR'i 

^c(s + + \y\^^). 

The proof is complete. 


Z\t,x)] 


□ 


4. Moderate deviation principle 

The main aim of this paper is to prove that ~ 1 ^°) satishes an LDP on the 

Holder space, where A(e) satishes (|3]). This special type of LDP is nsnally called the 
moderate deviation principle of (cf. |T^). 
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4.1. Large Deviation Principle. First, recall the definition of large deviation prin¬ 
ciple. See [12] ■ 

Let (fl, P) be a probability space with an increasing family {JY}os;ts;T of the snb- 
c 7 -fields of T satisfying the usual conditions. Let f be a Polish space with the Borel 
(7-field B{£). 

Definition 4.1. A function J : ^ [ 0 , oo] is called a rate function on if for each 

M < CO, the level set {x e £ : I{x) ^ M} is a compact subset of £. A family of positive 
numbers {A(£)}e>o is called a speed function if A(£) —> -l-oo as e —> 0 . 

Definition 4.2. A family of £^-valued random elements is said to satisfy the large 
deviation principle on £ with rate function / and with speed function {A(e:)}£>o, if the 
following two conditions hold. 

(a) (Large deviation upper bound) For each closed subset F of £, 



(b) (Large deviation lower bound) For each open subset G of £, 



4.2. The main resnlt. From now on, we always assume that K is a compact set 
in M'^, a = (ai,--- ,ad),Q:i s [0,2]\{1} for z = 1, • • • , (f, /5 = (/3i,/?2) satisfies that 
0 < /3i < q;o (1 - h)/ 2 , 0 < /32 < 1 - rj where ag = mini<cj<cd{Q!j}, rj e] 0 , 1 ]. 

The main result of this paper is the following theorem. 

Theorem 4.1. Assuming conditions and (D) for rj e]0,l]. Let be the 

solution of Eg. ca. Then the law of {u^ — u^)/{^JeX^e)) obeys an LDP on the space 
£^^([ 0 ,T] X Ar;M'^) with speed A^(£) and with rate function 



(30) 


where is defined by m- 

4.3. Proof of Theorem 14.11 

We shall apply the weak convergence approach to establish moderate deviation princi¬ 
ple. 

Denote by An the set of predictable process which belongs to L^(f2 x [0, T]; "H). For 
any A^ > 0 , let 
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For any v e and e e (0,1], define the controlled eqnation Z^’’^ by 

Zj f {Ga,s{t - S,x - *)a(u°{s,*) + ^/eX{e)Z^’''{s,*)),ek)y^dB^ 
k^l 


1 

A(£) 


+ f (Ga,s(t - s,x - *)a{u°{s,*) + ^/eX{e)Z^’^{s,*)),v{s,*)') ds 

Jo 

b(u^{s,*) + ^/eX{e)Z^’^{s,*)) — b{u^{s,*)) 


+ ■( Ga,5{t — s) 


^/e\{e) 


ds. (31) 


Following the proof of Theorem 2.1 in [3] and Proposition 2.7 in [7], one can show 
the existence and nniqneness of the stochastic controlled eqnation given by (1^ . 


Lemma 4.2. Assuming conditions (C), {H^) and (D) forrj e]0,1], there exists a unique 
random field solution to Eg. (1^ . {Z^’‘^{t,x)-,{t,x) e [0,T] X which satisfies that 
for any p ^ 1, 

snp snp snp E[|Z^’'"(f, a;)|^] < oo. (32) 

veAf^ (La:)e[0,r]xR‘i 


Inspiriting by |1], let ns consider the following two conditions which correspond on 
the weak convergence approach frame in onr setting. Also refer to the weak convergence 
approach nsed in [7]. 

(a) The set {Z^] h e is a compact set of where Z^ is the solntion of Eq. 

(HHi. 

(b) For any family e > 0} c A^ which converges in distribntion as £ 0 to 

V e A^, as "H^-valned random variables, we have 

lim Z^’^" = Z^ 

£^0 

in distribntion, as T^-valned random variables, where Z^ denotes the solntion 
of Eq. fITTD corresponding to the "H^J^-valned random variable v (instead of a 
deterministic fnnction h). 


The proof of Theorem f.l. Applying to Theorem 6 in [1], a verihcation of conditions (a) 
and (b) implies the validity of Theorem 14.11 Condition (a) follows from the continnity 
of the mapping h : TL^ Z^ e T^([0,T] x which has been established in 

Theorem 13.21 Next, we verify Condition (b). 

By the Skorokhod representation theorem, there exist a probability (0,.F, (.Ft),P), 
and, on this basis, a seqnence of independent Brownian motions B = {Bk)k^i and also 
a family of .Arpredictable processes £ > 0}, h belonging to x [0, T]; TL) taking 
valnes on , P-a.s., snch that the joint law of {v'^,v,B) nnder P coincides with that 
of (h^, h, B) nnder P and 


lim(n'^ — V, g)>UT = 0) ^9 ^ Tfr, P — ciS-- 
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Let be the solution to a similar equation as fl3T|) replacing v by and B by B. 
Thus, to verify the condition (b), it is sufficient to prove that 


lim II— Z'^\a^K = 0 in probability. 


(33) 


From now on, we drop the bars in the notation for the sake of simplicity, and we 
denote 

According to Lemma 15.41 the proof of fl3^ can be divided into two steps: for any 
(f,x), {s,y) e [0,T] x K with K being compact in M'^, 

(1) Pointwise convergence: 


lim a:)| = 0 in probability. 


£^0 


(2) Estimation of the increments: there exists a constant C satished that 


£^1 


(34) 


(36) 


Those two estimates will be established in the following steps. 
Step 1. Pointwise convergence. For any (f, x) e [0,T] x K, 

Z^’^\t,x)- Z%t,x) 

1 


A(£) 


Yj f - s,x - + VeA(£)Z^’’'"(s,*)),efc)^d5f 


•t 


+ i I (G^^sit - s,x - *)a{u°{s,*) + ■s/eX{e)Z^’''\s,*)),v%s,*)').^ds 

(Ga,s(t - s,x- ★)cr(M°(s, ★)), v{s, ★)) ds 

Jo 

6 ( m °( s , ★) + ^/eX{e)Z^''"\s, ★)) — ★)) 


V^A(£) 

“ j - s) * [b\u^{s, *))Z^{s, *)] (x)} ds 

=:Al{t, x) + A^it, x) + A^it, x). 

Let 

J(t) -.= f M<ie)|.^Gai(‘)(OL 


(x) y ds 


(36) 


(37) 
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For the first term A^, by Burkholder’s inequality, the lipschitz property of a, Eq. 
flT^ and 032]), we have that 


Jo 


E[\Al{t,x)\^] =X-^{e)E 

J ds ^ 

^C 2 A- 2 (£). 


s,x - *)a{u^{s, ★) + ^/eX{e)Z'^’'^{s, *))||^ ds 


1+ sup E\u^{r,y) + \XeX{e)Z^’'^‘'{s,y)\'^ ] xj'it — s) 

(r,y)G[0,s] xR"* 


(38) 


The second term is further divided into two terms: 


^ f - s,x-*) [o-(u°(s,*) + ^/eX{e)Z^’'’\s,*)) - cr(u°(s,*))] ,u*'(s,*)) | ds 

Jo 

+ KGa, 5 (f - s,a; - *)a(u°(s,*)),u''(s,*) - u(s,*)) I ds 

Jo 

= :Al^^{t,x) + Al2it,x) 

By the Lipschitz condition of a, fl5^ and Cauchy-Schwarz’s inequality, we have 

E\A 2 ^^{t,x)\'^ ^eX'^{e)L‘^ ( f sup |/)p ■ J7(f — s)ds j x f ||n^(s, ★)||^ds 

yJo (r,y)E[0,s]xR‘^ J \Jo 

^eX^(e)C(L,N). (39) 

By the similar arguments as in the proof of fl23ll . we can show that 

lim sup 1^42 2 (^, 2 :) I ^ 0 in Probability. (40) 

(t,x)s[0,T]xRd 

For the third term A^, by the Taylor’s formula, the Lipschitz continuity of b' and 
dUD, we have 


\Al{t,x)\ ^ 


Ga,5(t — s) * 


6(n°(s, ★) + ^/eX{e)Z^’'^‘'{s, ★)) — 6(n°(s, ★)) 


^/£X{e) 




1 - 

-ds 




{ {G„,,(f- s) * [b\u\s,*)){Z^’^\s,*) - Z^(s,*))] (a;)}ds 

Jo 

<L'V£A(e) r G,,5(f-s)*|Z^’"'(s,*)|(a;)ds 

Jo 

+ L f G^,,(t - s) * jZ^’^^is,*) - Z^(s,*)l(x)ds. 

Jo 
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Then, by ([32]), we have 


E\Al{t,x)\^ <lL'^eX\e) 


Ga,s{t — s,x — y) sup E \Z^’'^\r,z)\ dsdy 

0 (r,2)s[0,s] xR*^ ^ 


+ 2L- 


f f - s, y) 

Jo Jr'^ 

r 

Jo (r, 


sup E 

(r,2)G[0,s] xR"^ 


z)-Z\r, z)\^ 


sup E 

2)e[0,s] xR'^ 


|F"’^'’^(r, z)f 


ds. 


iiC{L')eX^{e) + 2L^ 

Define the stopping time 

:= inf ] t ^ T; sup ^ M V , 

(s,a;)G[0,l] xR'* 

where M is some constant large enough. 

Putting fl36l) . fl38ll - f|TT]l together, we have 

sup E[|F"’"'’"(s Ar'^’^x)| 2 ] 

(s,x)e[0,t] xR"^ 

sup E [|y4^(s A r^’^, x)|^] + sup E [| 242 _^(s a r^’^, x)|^] 

y (s,x)G[0,t] xR'* (s,3:)G[0,i] xR'* 

+ sup E[|24^_2 (s Ar^’",x)|2]+E[|24^(t Ar^’",a:)| 2 ] 

(s,a;)s[0,l] xR'* 

<G I A“^(£) + 2£A^(£) + sup E [|y 42 2(5 A r^’^, a;)|^] 

\ (s,x)s[0,t] xR'* 


dsdy 

(41) 


+ 


sup E 

0 (r,2)G[0,s] xR*^ 


A T^’^,z)\^ ds 


By Gronwall’s lemma, we obtain that 

sup E[|F"’"'’"(s Ar'^’^a;)|2] 

(s,i)s[0,r] xR'* 

Y.C{T,L,L')lx-‘^{e) + 2eX\e)+ sup E[\Ay{s a t^’^,x)\^] 

\ (s,3:)G[0,r] xR'* 


(42) 


Since I 2 I 2 2(5 a r^’^, a;)| ^ M for any s e [0, T], by fl40|) and the dominated convergence 
theorem, we know that 

sup E [lA^ 2 (s A r^’^, x)|^]—> 0, as e —> 0. 

(s,x)g[0,T] xR'* 

This inequality, together with (02]), implies that 


sup E [\Y^’^"’\s A r^’",a:)|2] —^0, as £ ^ 0. 

(s,a;)s[0,r] xR'* 


(43) 
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Letting M —> oo, we obtain that for any {t, x) e [0, T] x 


lim a;)| =0 in probability. 


Step 2. Estimation of the increments. 

For any (t, x), (s, y) e [0, T] x iL with K being compact in R'^ and t ^ s, 




Xi 1 -r,x~ + ^/e\{e)Z‘'’'’\r,-k)),ek).^dB. 


X{e) 


k^l 


(Ga,s{s -r,y- *)a{u^{r,*) + ^/eX{e)Z^’''\r,-k)) ,ek).^ dB^ 


+ ^ I (Ga,s{t-r,x-*)a{u^{r,*) + ^/eX{e)Z^’^\r,*)),v%r,*)}.^dr 

- f (Ga, 5 is - r,y - ■k)a{u°{r,*) + ^/eX{e)Z^’'^\r,*)),v^{r,*)).^dr 
Jo 

(Ga,sit -r,x- *)a(w°(r, *)), v{r, *)).^ dr 


- I (Ga, 5 {s - r,y - *)a{u°{r,*)),v{r,*)).^ds 

b{vX{r, ★) + ^/eX{e)Z^''"\r, ★)) — b{vP{r, ★)) 


+ I Ga,5it — t) ■■ 

0 

- f Ga^^{s-r 


\feX{e) 

b{vX{r, ★) + ^/eX{e)Z^''"\r, ★)) — b{vP{r, ★)) 


x)dr 
{y)dr 


'X{e) 


V£X(e) 

Ga,s(t - r) * [6'(M°(r, *))Z'"(r, *)] (x)dr 

- f - r) * [b'(u°(r, *))^’'(r, *)] (y)dr 

Jo 

B^(t,s,x,y) + Bl(t,s,x,y) + B^^{t,s,x,y) + Bl{t,s,x,y) + Bl{t,s,x,y). 
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For the first term, by the Lipschitz continuity of a, fl32l) and Lemma 15.21 we obtain 
that for any (3i e] 0 , (1 — 'r])/ 2 [, 0 < /32 < min{(l — r])ao/ 2 , 1 / 2 } 


E [\Bl{t,s,x,y)f] 


^CiE 


\{Ga,s{t - r,x - *) - G„, 5 (s -r,x- ★))cr(n°(r, ★) + ^/eX{e)Z^’''\r,*))\\l^dr 

+ r \\Ga,s{t - r,x - *)a[u^{r,*) + ^/eX{e)Z^’'’"{r,*))\\‘^dr 

Js 

+ f II(G„, 5 (s - r,x - *) - Ga, 5 (s -r,y- *))a{u^{r,*) + ■s/eX{e)Z^’''\r,*))\\'^dr 

Jo 


^^2 sup E [|cr(n°(r,*) + V£A(e)Z^’’'"(r, ★))|^] 
(r,2)s[0,r] xR'* 


J ||(G„, 5 (f - r,x - *) - G„,5 (s - r,a; - *))||^dr + J ||Ga,5(f - 

+ II(Ga, 5 (s -r,x -*) - G„, 6 (s -r,y- *))||^dr 

Jo 


r,x — *)||^dr 


+ \x- ?/|^^") 


2/32 ^ 


(44) 


where C 3 is independent of e > 0. 

Using the similar argument in (1441) and noticing the fact v^,v e we give the 
following estimates without the proof 

E[|5/(f,s,x,i/)|^] < z = 2,3, (45) 


where C is independent of e > 0. 

We also can deal with the last two terms by the same argument. Next we 

only estimate i?|, and the same result holds for B^. 

By Taylor’s formula, flTBD and using the same approach in estimation of A 3 in the 
proof of [H Proposition 2.10], we have for any t e [0, T], 


E[\Bl{t,s,x,y)\‘^] 





<LE 

G^4t-r)*\Z^’^\r,*)\{x)dr- 

G^X^-r)*lZ^’^^(r,*)l(y)dr 


Jo 

Jo 




|f — s| + sup EjZ^’’’ {t — s + r, X — y + z) — Z^’^ (r, z)fdr 
0 zsR'^ 


[|t — s| + T{\t — + |x — , 


(46) 


where in the last inequality we have used the estimate in the proof of Theorem 3.1 in 
[3], G is independent of £. 

Putting together all the estimates, we get ([35]). The proof is complete. □ 
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5. Appendix 


To make reading easier, we present here some results on the kernel G from Boulanba 
et al. [3]. 

Lemma 5.1. [3l Lemma 1.1] For a e]0,2]\{l} such that |h| ^ min{Q!,2 — a}, the 
following statements hold. 

(i) The function Ga, 5 {t,x) is the density of a Levy a-stable process in time t. 

(ii) Semigroup property: Ga^sit^x) satisfies the Chapman-Kolmogorov equation, i.e., 
for < s <t, 

Gc,, 5 {t + s,x) = Go,,s{t,y)Ga, 5 {s,y - x)dy. 

Jr 

(hi) Scaling property: Ga,s{t,x) = G^^°‘Ga, 5 {J,G^^°‘x). 

(iv) There exists a constant Ca such that 0 ^ Gq,^5 (1 ,x) < 0^/(1 + for all 

X e M. 

The next proposition studies the Holder regularity of the Green function, whose proof 
is contained in the proof of Proposition 3.2 in [3]. 

Lemma 5.2. Under {H^), it holds that 

(i) For each 0 < s < t < T, fii e]0, (1 — '?7)/2[, there exists a constants C > 0 such 


that 


and 


f 


\\Ga,s{t - r, ★) - - r,*)\\l^dr ^ C\t - s 


2/3i 


r 


\Ga,6it - r,*)\\l^dr ^ G\t - s 
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(ii) For each 0 < ^2 < min{(l — r])aol2, 1/2}, there exists a constant G > 0 for any 


x,yE 


f 


\Ga,siT - s,x - ★) - Ga,siT - s,y- *)\\lids < G|x - y\ 
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The next lemma is about the Holder regularity of the stochastic integral. See [51 
Proposition 3.2]. For a given predictable random field V, we set 

U{t,x) := 2 f (Ga, 5 {t - s,x - *)V{s,*),ek}ndB'^. 
k^l Jo 

Lemma 5.3. Assume f/iaf supo^gt^gT’Sup^.gRd ]E(|H(f, x)p) is finite for some p large enough. 
Then under {H^), we have 

(i) For each x e a.s. the mapping t U{t,x) is fii-Holder continuous for 
0</3i<(1-77)/2. 

(ii) For each t e [0,T] a.s. the mapping x U(t,x) is (32-Hdlder continuous for 
0 < ^2 < min{ao(l - r])/2,1 /2}. 

The following result is a consequence of Lemma A.l in [2]. 
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Lemma 5.4. Let iL be a compact set in and let {V^{t,x) : {t,x) e [0,T] x K} be 
a family of real-valued functions. Assume 
(Al). For any {t,x) e [0,T] x K, 

lim a:)| = 0 . 

(A2). There exist f3i,l32 > 0 satisfied that for any (f,x), {t',x') e [0,T] x K, 

\V^{t, x) — a;')| ^ C{\t — -I- |a; — 

where C* is a constant independent of e. 

Then for any 6 e (0,1), we have 

lim ||l^'^||e/ 3 i, 6»/32 = 0 - 

Proof. The stochastic version of this lemma in [21 Lemma Al] is proved by the Garsia- 
Rodemich-Rumsey’s lemma. Here we give a direct proof for the deterministic case. 

In view of Arzela-Ascoli theorem, a sequence in (7(10, T] x iF; M) converges uniformly 
if and only if it is equicontinuous and converges pointwise. Thence, under conditions 
(A.l) and (A. 2 ), we know that 

lim sup x)| —» 0 . 

(t,a:)G[0,T]xA' 

Thus, for any 9 e (0,1), (f, x) A (F, x') e [0, T] x K, we have 

\V%t,x) - V%t',x')\ _\V%t,x) - V%t',x')f\V^{t,x) - V%t',x')f^^ 

(|f — f 1^1 -I- lx — _ ^/|/3i + |a; _ 

^C{\V%t,x)\ + \V%t',x')\Y-^ 

—> 0 uniformly on ([0,r] x iF)^. 

The proof is complete. □ 
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